We give an explicit construction of the quantum-group generators -local, semilocal, and global -in terms of the group-valued quantum fieldsg andg −1 in the Wess-Zumino-Novikov-Witten (WZNW) theory. The algebras among the generators and the fields make concrete and clear the bimodule properties of theg and thẽ g −1 fields. We show that the correlation functions of theg andg −1 fields in the vacuum state defined through the semi-local quantum-group generator satisfy a set of quantum-group difference equations. We give the explicit solution for the two point function. A similar formulation can also be done for the quantum Self-dual Yang-Mills (SDYM) theory in four dimensions.
The Wess-Zumino-Novikov-Witten (WZNW) theory [1, 2] has a long and beautiful history. In his well known 1984 paper Witten [2] quantized the Lie-algebra valued field j µ of the theory and derived its current algebra with central charge. From this current algebra Knizhnik and Zamolodchikov [3] derived the linear equations (the K-Z equations) satisfied by the correlation functions. (In their original formulation the Virasoro generators [4] played an important role. Actually one can obtain the K-Z equations without involving the Virasoro-algebra generators [5] .) Later the quantum-group structures of the theory were discovered [6, 7] and studied in many papers, [8] to [11] . However, in all of these studies the role of the group-valued local quantum fieldsg, the basic fields in the theory, was not clear.
Recently the WZNW theory was studied from the point of view of considering the fields g as the basic fields, papers [12] to [16] . We quantized the group-valued local quantum fields g of the Wess-Zumino action in the light-cone coordinates [15, 16] using the Dirac procedure for constrained systems [17] . Further, we had also formulated the quantum Self-dual YangMills (SDYM) system [18] in terms of the group-valued local fieldJ and showed how the two theories are related. The quantum WZNW theory in terms ofg can be obtained from the quantum SDYM theory in terms ofJ by reducing the two appropriate dimensions in the quantum SDYM theory. The exchange algebras satisfied by the group-valued local quantum fields in the two theories are very similar. In both cases we showed that the second-class constraints in forming the Dirac brackets in the light-cone coordinates are the source of the nontrivial critical exponents in the products of fields and the quantum-group structures in these theories. However there are very important differences between the two theories. The WZNW theory is a free theory in the light-cone-coordinate formulation in two dimensions.
The self-dual Yang-Mills theory is an interacting theory (even in the light-cone coordinate formulation) in four dimensions. One can easily see how the interactions disappear in the dimension reduction. Because of its simpler structure, the quantum WZNW theory is an important laboratory for the study of the quantum SDYM field theory, which in turn is an important laboratory for the study of many other quantum field theories in four dimensions [19] .
In addition to the difference in our way of obtaining the exchange algebra from those of Refs. [12] to [14] , there are other important differences in our interpretation of the exchange algebra and in the further development of theory. We have given an analytic interpreta-1 tion to the spatial dependence of the R matrix of the exchange algebras of theg fields.
From that interpretation we have formulated the normal-ordering procedure, constructed theg −1 quantum fields and their exchange algebras, constructed the Lie-algebraic current j(ȳ) ∼g∂ȳg −1 , and derived the current algebra from the exchange algebras ofg andg
without resorting to the use of the boson quantum fields [20] . This procedure also makes it straightforward to construct the theory for the general sl(n) cases.
What has emerged is that the group-valued local quantum fields,g andg −1 are bimodule quantum fields. Dictated by the R matrix and the nontrivial critical exponents, theg fields form noncommutative vector spaces of the quantum-group on the right side and commutative vector spaces on the left side. The left side ofg form the fundamental representation of the Lie group and the Lie-algebra currentsj are the generators for its transformation. The right side ofg forms the representation of the quantum-group. However, until now the generators of the quantum-group transformations had not been fully constructed and it was unknown whether or not they could be constructed fromg andg The bimodule properties, we believe, are generic for all group-valued local quantum fields as we showed earlier [18] that they also hold in the SDYM quantum field theory.
For the interacting SDYM quantum field theory the exchange algebras of the group-valued quantum local fieldsJ andJ −1 are just the starting point of the theory. The exchange algebras and the current algebras in the SDYM theory are fixed-time relations to begin with.
Using one of the additional dimensions available and performing its spatial-integration, in paper [18] we constructed time-independent currents and their current algebras, with interesting features of higher dimensions. From these time-independent currents [21] we are able to construct a time-independent local monodromy matrixT • and derived its local exchange algebra R TT •T • =T •T • R T which contains the infinite local charge algebras and the infinite local Yangian algebras and then derive differential and difference equations for their correlation functions in the SDYM theory [22] .
The organization of the rest of the paper is the following. We first give a brief description of our formulation of the quantum WZNW theory. To be specific and simple, we discuss here the case of sl(2). Our formulation can be generalized to the cases of sl(n) in a straightforward way [23] . We then give the construction of the quantum-group generators and their algebras. After defining the U
, we show that the correlation functions of theg andg −1 fields defined in this vacuum satisfy a set of difference equations. For the two point function we give the explicit solution. We then end the paper with some concluding remarks.
Exchange Algebras, Critical Exponents, Normal-Ordering, and Current Algebras
In this section we briefly describe the essential points of our formulation of the quantum WZNW theory in terms of theg andg −1 fields so that the new development can be clearly presented. In the case of sl (2),g is a 2 × 2 matrix with non-commuting operator-valued entries, which we call the quantumg fields. They satisfy the following exchange algebras,
where
Here we denote the light-cone coordinate x − t ≡ȳ. The time in this light-cone-coordinate formulation is y ≡ x + t. In Eq. (2),
which becomes unity whenh → 0; α is the coefficient in front of the Wess-Zumino action;
+ 1) − 0(0 + 1) = 3/2 are the differences of conformal dimensions of two spin 1 2 fields minus that of a spin j 12 = 1 and 0 fields, respectively ; the subscripts I and II denote the tensor spaces that the operator matrices or c-number matrices operate on. (This tensor notation saves us the trouble of writing out the indices of the matrix elements. Written in terms of the matrix elements, Eq. (1) reads
, where the repeated indices l 1 , l 2 , β 1 , and β 2 are summed.) The P q j 12 's are the 4 × 4 c-number q-ed projection matrices projecting the two spin 1/2 states into j 12 = 0 or 1, satisfying
. The matrix P I,II interchanges matrices in space I to II and visa versa, e.g.,
and its explicit representation is P I,II = 1 2
; here the P j 12 's are the un-q-ed ordinary projection matrices, i.e., Eq. (4) with q = 1.
The q-deformation in the R matrix, i.e., its quantum-group structure, is anh effect, R = 1 whenh = 0. Taking the leading term inh, Eq. (1) becomes the Dirac bracket of the g fields. Therefore we directly identified that the second-class constraints are the source of the quantum-group structure of the theory, [15] and [16] .
The ε(ȳ 1 −ȳ 2 ) in Eq. (2) is a signature of the quantizaton in the light-cone coordinates.
It has the usual definition
We denote R I,II (ȳ 1 −ȳ 2 ) = R I,II (+), forȳ 1 −ȳ 2 > 0 and R I,II (ȳ 1 −ȳ 2 ) = R I,II (−), for
. In our formulation we emphasize the analytic-function interpretation of ε(ȳ 1 −ȳ 2 ), i.e.,
and define
The expression for ǫ(ȳ 1 −ȳ 2 ), Eq. (6), indicates that the productg I (ȳ 1 )g II (ȳ 2 ) has singularity atȳ 1 −ȳ 2 = 0 with critical exponents given by
This also defines the normal-order products to be those in the curly brackets; their Taylor expansions give the operator-product expansions.
Using Eq. (7), we can easily prove that atȳ 1 =ȳ 2 , the exchange algebra Eq. (1) gives
. This fact and the later development of the quantum-group generators rely crucially on the interpretation of the R matrix at the coincidence point, Eq. (7).
The quantumg field can be interpreted as a non-Abelian vertex operator. However, notice that ourg field in component form has the bimodule indices. The vertex operators given in Refs. [9] , [10] , and [11] have one less index and no bimodule property indicated.
We defined theg −1 field from the following equatioñ
From Eqs. (10) and (1), we can easily show that theg −1 field satisfies the following exchange algebrasg −1
andg −1
The construction of thisg −1 field is crucial for us to develop the full content of the theory in terms of the group-valued fields.
Fromg andg −1 , we constructed the sl(2) current
We then showed that the following equations can be easily derived from the exchange algebras of theg andg −1 quantum fields,
[
where M I,II ≡ P I,II − 
the δ-function on the right-hand-side of Eqs. (14) to (16) indicats that those products of fields have singularities. Equations Eqs. (14) to (16) can be equivalently written out as operator-product-expansions for products of operators (which we leave as exercises for the reader). Next we present our new development.
Quantum-Group Currents and Global Quantum-Group Generators
Similar to the construction of the currentj(ȳ), it is nature to construct the other current
which we shall call the quantum-group current since it has the quantum-group index on both sides. We can work out the algebraic relations among the matrix elements ofj q (ȳ), corresponding to Eq. (14) forj(ȳ); and the algebraic relations with the fieldsg andg −1 , corresponding to Eqs. (15) and (16) . All of them have nice quantum-group interpretations.
However, we find thatj q is not as useful a quantity as the currentj in that it can not be used to develop its vacuum states and the corresponding differential equations as the currentj was used to develop the K-Z equations. Therefore here we do not write out those algebraic relations involvingj q .
On the other hand, we find that the following group-valued quantities,G andG ∆ , are the more useful quantum-group generators. We form the global quantum-group generator G from the quantum-group currentj q of Eq. (18) by a path ordered integration,
From the exchange algebras, Eqs. (1), (11), and (12), we can derive the algebraic relations between the matrix elements ofG and the action ofG ong andg −1 ,
where we use the curly bracket to bracket relevant quantities together to make the meaning of equations clearler. Associativity for the products of the fields are true because the R matrix satisfies the Yang-Baxter relations (which we leave as an excercise for the reader.)
Eqs. (20) to (22) are the algebraic relations forG parallel to those of Eqs. (14) to (16) for j.
The basic elements of the quantum-group generators {ẽ i ; i = 3, and ±} are related to the components of the matrixG bỹ
whereẽ ± and q −ẽ 3 satisfy the standard quantum-groups algebras [7, 24] which guarantee Eqs. (20) to (22) .
Semi-local Quantum-Group Generators
Changing the integration range of Eq. (19) to a finite one, we obtain the semi-local quantum-group generators
Again using the exchange algebras, Eqs. (1), (11), and (12), we obtain
. (27) Next we express the semi-local generator in terms of its annihilation and creation parts following a procedure similar to that used in Ref. [5] ,
where the operators G ∆± (ȳ) satisfy the following exchange algebras that guarantee Eqs. (25) to (27),
which manifests what we call the sl (28) and (10), we can obtain from Eq. (24)
Since we are interested in the vacuum expectation values of the products of theg fields in
we want to move G ∆+ (ȳ)
to the left ofg(ȳ − ∆) in Eq. (33). To achieve that feat we use Eq. (31), many matrix relations, and finally reach the goal
where the superscript T means matrix transposition (the order of the operators stays put);
where the superscripts T I and T II indicate transpose of matrices in the tensor spaces I and II respectively.
Using Eq. (34) and Eq. (35), we obtain the quantum-group difference equation for the correlation functions
For the special case of " + 2∆" being withȳ n on the left side of Eq. (37), Eq. (37) simplifies to the following cyclic relation
Similarly, difference equations for products involving theg −1 's can also be obtained.
For the two point function, Eq. (37) becomes
Multiplying Eq. (39) from the right by P q j 12 =0 and using the fact 0 q |g IgII | 0 q P q j 12 =0 = 0 q |g IgII | 0 q , which can be shown using the definition of | 0 q given by Eq. (34), we obtain 0 q |g
where the last factor on the right is from
q and the fact that P q j 12 =0 multiplying the vacuum expectation value becomes unit.
We find the solution to Eq. (40). It can be written in the following form
where A 0 is an arbitrary constant; θ(x) = 0, 
Concluding remarks
The group-valued local quantum fieldsg andg [24] In Ref. [18] we discussed properties of such quantum-group generators in the SDYM quantum field theory. Now we have also constructed such generators for the SDYM case, Ref. [22] .
[25] L.-L. Chau, in the Proceedings of the International Symposium on Coherent States: Past, Present, and Future; Oak Ridge, June [14] [15] [16] [17] 1993 . Besides suggesting the name bimodulon, Chau also pointed out in this paper that these group-valued quantum fields are natural non-Abelian generalizations of coherent states.
